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ABSTRACT

Understanding the gas content of high redshift halos is crucial for studying the formation of the first
generation of galaxies and reionization. Recently, Tseliakhovich & Hirata showed that the relative
“stream” velocity between the dark matter and baryons at the time of recombination - formally a
second order effect, but an unusually large one - can influence the later structure formation history of
the Universe. We quantify the effect of the stream velocity on the so-called “characteristic mass” - the
minimum mass of a dark matter halo capable of retaining most of its baryons throughout its formation
epoch - using three different high-resolution sets of cosmological simulations (with separate transfer
functions for baryons and dark matter) that vary in box size, particle number, and the value of the
relative velocity between the dark matter and baryons. In order to understand this effect theoretically,
we generalize the linear theory filtering mass to properly account for the difference between the dark
matter and baryonic density fluctuation evolution induced by the stream velocity. We show that the
new filtering mass provides an accurate estimate for the characteristic mass, while other theoretical
ansatzes for the characteristic mass are substantially less precise.

1. INTRODUCTION

Gas rich dark matter halos in the early universe
serve as a nurturing ground for dwarf galaxies (e.g.,
Ricotti et al. 2002b,a; Bromm et al. 2002, 1999;
Abel et al. 2002; Naoz et al. 2006; Yoshida et al.
2006, 2008; Greif et al. 2010; Clark et al. 2011;
Bromm & Yoshida 2011, and references therein).
Their properties are important to quantify, as they are
responsible for metal pollution and ionizing radiation
at the onset of structure formation (e.g., Shapiro et al.
2004; Ciardi et al. 2006; Hoeft et al. 2006; Gnedin et al.
2008; Okamoto et al. 2008; Trenti & Stiavelli 2009).
More than that, even if the smallest of gas rich halos
are too small for efficiently cooling via atomic hy-
drogen lines and may not host actual galaxies, these
“mini-halos” may produce a 21-cm signature in future
radio observations (Kuhlen et al. (2006); Shapiro et al.
(2006); Naoz & Barkana (2008) but see Furlanetto & Oh
(2006)) and might block some of the ionizing radiation,
causing an overall delay in the initial progress of reion-
ization (e.g., Barkana & Loeb 2002; Iliev et al. 2003a,
2005; McQuinn et al. 2007). Thus, the evolution of
the gas fraction of dark matter halos at various epochs
during the early evolution of the universe is of prime
importance.
Recently, Tseliakhovich & Hirata (2010) showed that

not only the amplitudes of the dark matter and bary-
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onic density fluctuations were different at early times,
but also were their velocities. After recombination, the
sound speed of the baryons dropped dramatically, while
the dark matter velocity remained high - thus, the rela-
tive velocity of baryons with respect to the dark matter
became supersonic. Tseliakhovich & Hirata (2010) also
showed that this relative velocity between the baryons
and the dark matter remained coherent on scales of a
few mega-parsec and was of the order of ∼ 30 km sec−1

at the time of recombination. This relative velocity is
often called the “stream velocity” in the literature, and
throughout this paper we will use this term. The stream
velocity effect has previously been overlooked, because
the velocity terms are formally of the second order in
the perturbation theory and should be neglected in the
linear approximation. However, this second order ef-
fect is unusually large, resulting in the numerically non-
negligible suppression of power at mass scales that cor-
respond to the first bound objects in the Universe (e.g.,
Yoshida et al. 2003a).
Using the Press-Schechter (Press & Schechter 1974)

formalism, Tseliakhovich & Hirata (2010) showed that
the number density of halos is reduced by more than
60% for halos with M = 106 M⊙ at z = 40. In a
subsequent paper, Tseliakhovich et al. (2010) also in-
cluded the baryonic temperature fluctuations following
Naoz & Barkana (2005). They found that the stream
velocity also resulted in much higher “characteristic”
mass - the minimum mass for a dark matter halo ca-
pable of retaining most of its gas - as compared to the
case without the stream velocity (e.g. Naoz & Barkana
2007). As has been shown in subsequent studies, the
stream velocity effect has important implications on
the first structures (Stacy et al. 2011; Maio et al. 2011;
Greif et al. 2011; Naoz et al. 2012; Fialkov et al. 2011;
O’Leary & McQuinn 2012; Bovy & Dvorkin 2012) and
may also affect the redshifted cosmological 21-cm signal
(Dalal et al. 2010; Bittner & Loeb 2011; Yoo et al. 2011;
Visbal et al. 2012; McQuinn & O’Leary 2012).
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In this paper we explore the effect of stream velocity
on the gas fraction in dark matter halos and compare
the simulation results to the predictions from the lin-
ear theory (e.g. Tseliakhovich et al. 2010). In our first
paper (Naoz et al. 2012, hereafter Paper I) we quanti-
fied the stream velocity effect on the evolution of the
halo mass function with cosmological simulations. We
used three different sets of high resolution simulations in
order to study the stream velocity effect systematically,
thus understanding the overall trends (instead of concen-
trating on specific halos). We used a set of simulations
with different box sizes, particle numbers, and the values
for the stream velocity to analyze the suppression of the
structure formation as a function of the stream veloc-
ity. In Paper I we found that the total number density
of halos is suppressed by ∼ 20% at z = 25 in regions
of the universe that happen to have vbc = 1σvbc, where
σvbc is the (scale independent) rms fluctuation of the
stream velocity on small scales. In rare patches where
vbc = 3.4σvbc, the relative suppression at the same red-
shift reaches 50%, remaining at or above the 30% level
all the way to z = 11. Perhaps the most interesting
phenomenon that we found was the high abundance of
“empty halos”, i.e., halos that had their gas fractions be-
low half of the cosmic mean baryonic fraction f̄b. Specif-
ically, we found that for vbc = 1σvbc all halos below
105 M⊙ are empty at z ≥ 19. As a result, the high abun-
dance of empty halos can significantly delay the forma-
tion of gas rich “minihalos” and the first galaxies. In this
paper we investigate the effect of the stream velocity on
the gas fraction in halos. In particular, we quantify the
dependence of the characteristic mass on the magnitude
of the stream velocity.
For completeness we first describe the parameters and

initial conditions of our simulations in §2. We present
our results and analysis of the gas fraction in halos and
comparison to the linear approximation in Section 3. Fi-
nally we offer a brief discussion in §4.
Throughout this paper, we adopt the following cosmo-

logical parameters: (ΩΛ, ΩM, Ωb, n, σ8, H0)= (0.72, 0.28,
0.046, 1, 0.82, 70 km s−1 Mpc−1) (Komatsu et al. 2009).

2. THE SIMULATIONS

2.1. Basic Parameters and Settings

In this work we use a parallel N -body/hydrodynamics
code GADGET-2 (Springel et al. 2001; Springel 2005).
Below we describe the general features of our 3 simulation
sets, which are also summarized in table 1.

1. The first set, named “N = 256”, uses a total of
2 × 2563 dark matter and gas particles within a
cubic box of 200 comoving kpc on a side. To real-
ize statistically significant number of halos in such
a small box, we artificially increase gravitational
clustering in the simulation by setting σ8 = 1.4.
We choose this box size so that a 104 M⊙ halo is
resolved with ∼ 500 particles - the value needed to
estimate the halo gas fraction reliably (Naoz et al.
2009). The gravitational softening is set to be
40 comoving pc, well below the virial radius of a
104 M⊙ halo (∼ 680 comoving pc). All the simula-
tions in this set are initialized at z = 199.

2. The second set, named “N = 512”, uses a total

TABLE 1
Parameters of the simulations

SIM vbc,0 σvbc stream
km sec−1 velocity

256 runs, 0.2 Mpc, zin = 199

2560 0 0
2561σ 5.8 1
2561.7σ 10 1.7
2563.4σ 20 3.4

512 runs, 0.7 Mpc, zin = 199

5120 0 0
5121σ 5.8 1
5121.7σ 10 1.7
5123.4σ 20 3.4

768 runs, 2 Mpc, zin = 99

7680 0 0
7681σ 3 1
7681.7σ 5 1.7
7683.4σ 10 3.4

of 2 × 5123 dark matter and gas particles within
a cubic box with the size of 700 kpc. In this set
we also artificially increase σ8 to 1.4. With these
parameters, a halo with 500 dark matter particles
has a mass of ∼ 5× 104 M⊙. The softening length
is set to be 68 comoving pc. All the simulations in
this set are initialized at z = 199.

3. The final set of simulations uses 2×7683 dark mat-
ter and gas particles (which we name the “N =
768” set) in a 2 Mpc box, and starts at z = 99.
For these parameters a halo with 500 dark matter
particle has a mass of ∼ 105 M⊙. The softening
length is set to be 0.2 comoving kpc. We use the
“correct” value of σ8 = 0.82 for this simulation set.

In each simulation set, we explore a range of the values
for the stream velocity (see table 1).

2.2. Initial Conditions

As has been shown by Naoz et al. (2006) and
Naoz & Barkana (2007), setting up initial conditions for
cosmological simulations on small spatial scales is a del-
icate issue. High accuracy in initial conditions is crucial
for accurately predicting the halo mass function in the
lowest mass regime (M . 107 M⊙).
Following Naoz et al. (2011), we generate separate

transfer functions for dark matter and baryons as de-
scribed in Naoz & Barkana (2005). Ideally, the stream
velocities should be realized in the initial conditions in
a self-consistent way with the transfer functions that are
calculated up to the second order in the perturbation
theory (c.f. recent studies by O’Leary & McQuinn 2012;
McQuinn & O’Leary 2012). However, that would require
computing transfer functions up to the second order in
perturbation theory, and those are not readily available.
Instead, similar to all previous simulation studies, we
used the transfer functions computed in the linear ap-
proximation. We account for that choice in §3.3, when
we compare our simulations to the perturbations theory,
and thus our results remain self-consistent.
For all runs, glass-like initial conditions were gener-

ated using Zel’dovich approximation. For baryons, we
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have used a glass file with positions shifted by a random
vector, thus removing artificial coupling between nearby
dark matter and gas particles (Yoshida et al. 2003b). We
note that we have used the same phases for dark matter
and baryons in all of our simulations, since we showed in
Paper I that the spatial shift between baryons and dark
matter is unimportant.
Tseliakhovich & Hirata (2010) demonstrated that,

while the stream velocity varies in space, its coherence
length is quite large, many Mpc. Hence, on scale of our
simulation boxes, it can be treated as constant bulk mo-
tion of baryons with respect to the dark matter. We
include the effect of stream velocity by adding, at the
initial redshift, an additional velocity to the x compo-
nent of the baryons velocity vector. We test a range
of values for the stream velocity, which is convenient to
quantify in terms of its rms value on small scales, σvbc.
Specifically, we test vbc = 1σvbc through vbc = 3.4σvbc

for all the simulations sets (see table 1).

2.3. Halo Definition

We locate dark matter halos by running a friends-of-
friends group finder algorithm with a linking parameter
of 0.2 (only for the dark matter component). We use
the identified particle groups to find the center of mass
of each halo. After the center is located, we calculate
density profiles of dark matter and baryons separately,
assuming a spherical halo and using 2000 radial bins be-
tween rmin = 0 kpc and rmax = 20 kpc. Using the den-
sity profiles, we find the virial radius rvir at which the
total overdensity is 200 times the mean background den-
sity, and compute the mass and the gas fraction of each
halo within that radius. Recently, O’Leary & McQuinn
(2012) used an unconventional definition for halos by us-
ing the highest baryonic density peaks as the center their
halos. This method preferentially results in larger gas
fraction for σvbc 6= 0, compare to our more conservative
method.
Recently, More et al. (2011) showed that halos identi-

fied by the friends-of-friends algorithm enclose an average
overdensity that is substantially larger than 200, and its
specific value depends on the halo concentration. In our
approach we use the friends-of-friends algorithm only to
find the center of mass of a halo, and compute the actual
halo mass using the spherical overdensity of 200.
We only retain halos that contain at least 500 dark

matter particles within their virial radii. The choice al-
lows us to estimate halo masses to about 15% precision
(Trenti et al. 2010) and to estimate halo gas fractions
reliably to a similar level of accuracy (Naoz et al. 2009).
However, for some of our fit calculations we also include
halos with the number of particles as low as 100; if we
do that, we assign a lower weight in the fit to these ha-
los according to the resolution study done in Naoz et al.
(2009), see Appendix A for more details.

3. RESULTS

Let us consider the various scales involved in the for-
mation of cosmic structure. On large scales gravity dom-
inates other forces and gas pressure can be neglected.
On small scales, on the other hand, the pressure dom-
inates gravity and prevents baryon density fluctuations
from growing together with the dark matter fluctuations.

The relative force balance at a given time can be char-
acterized by the “filtering scale” (Gnedin & Hui 1998)
- a physical scale above which a small gas perturbation
can grow due to gravity overcoming the pressure gradi-
ent. In the non-evolving background, the filtering scale
coincides with the classical Jeans (1928) scale, but in the
expanding universe the two scales typically differ by a
significant factor.
Immediately after recombination Compton scattering

of Cosmic Microwave Background (CMB) photons on the
residual free electrons after cosmic recombination kept
the gas temperature coupled to that of the CMB, the
Jeans mass was constant in time and equal to the fil-
tering scale. However, at z ∼ 130, the gas temperature
decoupled from the CMB temperature, the Jeans mass
began to decrease with time as the gas cooled adiabat-
ically, and the filtering scale lagged behind the Jeans
scale.
Based on results from an early numerical simulations,

Gnedin (2000) suggested that the filtering mass also de-
scribes the largest halo mass whose gas content is sig-
nificantly suppressed compared to the cosmic baryon
fraction. The latter mass scale, commonly called the
“characteristic mass”, is defined as the halo mass for
which the enclosed baryon fraction equals half of the
cosmic mean. Thus, the characteristic mass distin-
guishes between gas-rich and gas-poor halos. Many semi-
analytical models of dwarfs galaxies use the characteris-
tic mass scale in order to estimate the gas fraction in
halos (e.g., Bullock et al. 2000; Benson et al. 2002a,b;
Somerville 2002; Bovy & Dvorkin 2012). Theoretically
this sets an approximate minimum value on the mass
that can still form stars.

3.1. Non-linear Behavior: the Characteristic Mass

For halos, Gnedin (2000) defined a characteristic mass
Mc for which a halo contains half the mean cosmic baryon
fraction fb. In his simulation he found the mean gas
fraction in halos of a given total mass M , and fitted the
simulation results to the following formula:

fg,calc = fb,0

[

1 +
(

2α/3 − 1
)

(

Mc

M

)α ]−3/α

, (1)

where fb,0 is the gas fraction in the high-mass limit7.
In this function, a higher α causes a sharper transition
between the high-mass (constant fg) limit and the low-
mass limit (assumed to be fg ∝ M3). Gnedin (2000)
found a good fit for α = 1, with a characteristic mass
that in fact equaled the filtering mass by his definition.
The characteristic mass is essentially a non-linear ver-

sion of the filtering mass, and so it also measures the com-
petition between gravity and pressure. At high masses,
where pressure is unimportant, fg → fb,0, while the low
mass tail is determined by the suppression of gas ac-
cretion by gas pressure. Naoz et al. (2009) found that

7 Following Naoz et al. (2011) we defined the high-mass bin as
the largest 5% halo mass, or the largest 5 halos (if the larges 5%
consists of less than 5 halos). These halos are usually gas rich
and if when we miss them it causes to an underestimate of the
gas fraction at the larger mass bin. Naoz et al. (2011) found this
method to be consistent with setting a low linking parameter, and
with varying the halo radii between r100, r200 and r500. This way
we overcome the disadvantages of assuming a spherical halo, which
misses gas rich halos which undergoes mergers.
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Fig. 1.— Binned gas fraction in the “N=512” runs at redshifts 25,
19, and 15 (from bottom to top panels) for 4 values of the stream
velocity vbc = 0, vbc = 1σvbc, vbc = 1.7σvbc, and vbc = 3.4σvbc

(blue squares, purple diamonds, brown stars and red triangles, re-
spectively). We also show the best fit as evaluated from equations
(1) and (2), with dotted and solid lines respectively. Note for the
case of vbc = 3.4σvbc, at z = 25, about 2/3 of the halos have less
than 1% of gas in them, and fb,0 is very low. Thus no reliable fit
could be found, and therefore we did not show the resulted red line
in that case. (See also Figure 7 for the gas fraction behavior for all
halos, i.e., not binned.)

the filtering mass from linear theory (calculated in a self
consistent way) is consistent with the characteristic mass
fitted from the simulations, for two (pre-reionization) sce-
narios that they tested: a case with no stellar heating and
a case of a sudden flash of stellar heating at a given red-
shift. In a followup paper, Naoz et al. (2011) found the
same agreement between the the linear and non-linear
theory, and showed that alternative initial conditions
models yield a different (higher by about 50 per cent)
minimum mass (both the linear and non-linear), since
the system retains a memory of the initial conditions.
For clarity, we emphasize that the statement (Mc = MF )
refers to our definition of MF in equation (9).
In Figure 1 we present the gas fraction as a function of

halo mass for our “N=512” simulation set8. As one can
see, the halo gas fraction drops dramatically at lower halo
masses for large values of the stream velocity. This trend
introduces a qualitatively different behavior in the gas
fraction as a function of halo mass, which is not captured
by equation (1). The best fit ansatz [Eq. (1)] is shown
with dotted lines in Fig. 1. It clearly does not capture the
behavior of the gas fraction as a function of halo mass for
vbc 6= 0. Therefore we introduce a new fitting formula
for the gas fraction as a function of halo mass,

fg,calc = fb,0

[

1 + (2γ − 1)

(

Mc

M

)β ]−1/γ

. (2)

8 In Paper I we showed that, qualitatively, all of our simulation
sets behave similarly as a function of mass and redshift. There-
fore, to avoid redundancy, we show here the gas fractions for only
“N=512” runs.

The new fitting formula reduces to Equation (1) for γ =
3β = α.
Although we add another free parameter to the fit,

finding the best fit model presents some hurdles which we
discuss in the Appendix. The best-fit value of Mc from
Equation (2) is the same as the value from Equation (1)
for the vbc = 0 case, as can be expected from the fact
that Equation (1) provides a good fit to the simulation
results in the vbc = 0 case. It is interesting, however,
that the best fit values for Mc from Equation (2) are
consistent with the best fit values of Mc from Equation
(1), even for large values of vbc, as can be seen in Figure
8. However, the new fitting formula gives a better overall
fit for high vbc values, especially in the high mass limit.

Fig. 2.— Best fit values for the characteristic mass and limiting
baryon fraction fb,0 as functions of redshift for various values of
the stream velocity vbc = 0, vbc = 1σvbc, vbc = 1.7σvbc, and
vbc = 3.4σvbc (blue squares, purple diamonds, brown stars and
red triangles respectively) for our N = 762 simulation set. We
also show the evolution of the fully self-consistent filtering mass
(Equation 7) with solid curves. The error bars are the maximum
1− σ from the two fit models (see Appendix A).

Figures 2–4 show the best-fit values for the character-
istic mass and limiting baryon fraction fb,0 at a range
of redshifts. At the highest redshifts and large values of
σvbc most of the halos are empty halos (i.e., halos with
gas fraction lower then the half of the mean cosmic bary-
onic fraction, see Paper I, figures 2-4). This of course
means that there is no apparent trend similar to Figure
1, and therefore, no convergence could be achieved in
the fitting procedure and the parameters of the fit can-
not be measured. Furthermore, as has been noted in
Paper I, the N = 256 set suffers from poor statistics for
M & 105M⊙, resulting in large error bars for the best-fit
values of the parameters. We show the results of this run
to caution the interpretations of previous (and perhaps
some future) which employ very small boxes.
An important point to make is that at low redshifts the

baryon fraction at the highest mass bins (for all runs) ap-
proaches the same value irrespectively of the magnitude
of the stream velocity. This is, of course, expected, as the
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Fig. 3.— Same as Figure 2, but for the N = 512 simulation set.

Fig. 4.— Same as Figure 2, but for the N = 256 simulation set.

global trend for the baryon fraction is to approach the
cosmic mean (see Appendix A, Figure 9), but still below
it at high redshift (even at large scales). This is because
the baryons still did not fall into the Dark Matter po-
tential wells (see Naoz & Barkana 2007; Barkana & Loeb
2011, and the Appendix for further discussion). However,
in the case of the largest stream velocity we consider,
vbc = 3.4σvbc, the N = 256 and N = 512 simulation
sets do not quite reach the cosmic mean values expected.
This is most likely due to the low abundance of the most
massive halos, since some baryons are in fact bound to
the halo and we miss them due to our halo finder algo-
rithm (§2.3), as can be seen in Figure 4 of Paper I. The
N = 768 simulation set, however, does not suffer from
that incomplete convergence. We find a simple fit for the
gas fraction in the last mass bin, fb,0, for the low redshift

limit as a function of the stream velocity

fb,0 = −0.0049
vbc
σvbc

+ 0.1345 . (3)

Note that throughout the paper we compare between
different simulations using different σ8 values (i.e., σ8 =
0.82 for the N = 768 set and σ8 = 1.4 for the N = 512
and N = 256 sets). As was shown in Paper I the sup-
pression of the halo mass function, due to the stream
velocity, compare to the no stream velocity case is in-
dependent on σ8 (see Figures 5 and 6 in Paper I). Since
the characteristic mass describes a relative suppression of
the gas fraction in small scales compare to large scales,
we find that this quantity is independent on σ8 as well
(where the different simulations gave a consistent value
of Mc). This is further supported by the agreement to
linear theory (see below). Thus, increasing σ8 only raised
the clustering amplitude that enlarges the sample of sim-
ulated halos.

3.2. Linear Theory Predictions: the Filtering Mass

In the linear approximation, the filtering mass, first
defined by Gnedin & Hui (1998), describes the highest
mass scale on which the baryon density fluctuations are
suppressed significantly compared to the dark matter
fluctuations. Gnedin & Hui (1998) only considered the
low redshift case, where the baryonic and dark matter
fluctuations have the same amplitude at large scales.
Naoz & Barkana (2007) relaxed that assumption and ex-
tended the computation of the filtering mass to early
times, during which the amplitude of the baryonic fluc-
tuations is below the amplitude of the dark matter fluctu-
ations even on large scales. Both studies, however, only
considered a case of zero stream velocity.
In order to extend the derivation of the filtering mass

to the non-zero stream velocity case, we first introduce
the coupled second order differential equations that gov-
ern the evolution of the density fluctuations of the dark
matter (δdm), and the baryons (δb) and the baryon tem-
perature (δT ):

δ̈dm + 2Hδ̇dm − fdm
2i

a
vbc · kδ̇dm= (4)

3

2
H2

0

Ωm

a3
(fbδb + fdmδdm)+

(

vbc · k

a

)2

δdm

δ̈b + 2Hδ̇b = (5)

3

2
H2

0

Ωm

a3
(fbδb + fdmδdm)−

k2

a2
kBT̄

µ
(δb + δT ) ,

where Ωm is the present day matter density as a fraction
of the critical density, k is the comoving wavenumber, a
is the scale factor, µ is the mean molecular weight, H0 is
the present day value of the Hubble parameter H , and T̄
and δT are the mean baryon temperature and its dimen-
sionless fluctuation, respectively. These equations are a
compact form of equations 5 in Tseliakhovich & Hirata
(2010), where we used the fact that vbc ∝ 1/a, and the
baryon equation includes the pressure term whose form
comes from the equation of state of an ideal gas. The
linear evolution of the temperature fluctuations is given
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by (Barkana & Loeb 2005; Naoz & Barkana 2005)

dδT
dt

=
2

3

dδb
dt

+
xe(t)

tγ
a−4

{

δγ

(

T̄γ

T̄
− 1

)

+
T̄γ

T̄

(

δTγ
− δT

)

}

,

(6)
where xe(t) is the free electron fraction as a function
of cosmic time t, δγ is the photon density fluctuation,
tγ = 8.55 × 10−13yr−1, and Tγ and δTγ

are the mean
photon temperature and its dimensionless fluctuation,
respectively. Equation (6) describes the evolution of the
gas temperature in the post-recombination era, but be-
fore formation of first galaxies, when the only external
heating arises from Compton scattering of the remaining
free electrons on the CMB photons. The first term in
Equation (6) comes from the adiabatic cooling or heat-
ing of the gas, while the second term is the result of the
Compton interaction.
In the top right panel of Figure 5 we show an example

of the solution of Equations (4). We plot the ratio for
δb/δtot as a function of the wavenumber k for the fully
self-consistent linear calculation, i.e., starting at the time
of recombination and using the exact transfer functions
from Tseliakhovich & Hirata (2010). We consider cases
with vbc = 0, vbc = σvbc, and vbc = 2σvbc at z = 10 and
z = 25. For larger vbc values, the drop in δb/δtot occurs
at larger scales, i.e., the suppression of the baryonic per-
turbations relative to the total matter fluctuations shifts
to larger masses.
Naoz et al. (2009) and Naoz et al. (2011), showed that

the characteristic mass is in a good agreement with the
filtering mass, regardless of the initial conditions, or even
if heating is involved, as long as the filtering mass is
calculated self consistently. Motivated by these results
we set to find a filtering mass that can be calculated self
consistently and that will present the excepted agreement
with the simulations. Following Naoz & Barkana (2007),
we re-define the filtering scale (specifically, the filtering
wavenumber kF ) to include the stream velocity effect as

δb
δtot

= 1 + rLSS −
k2

k2F

1

1 + ν
, (7)

where ν = vbc/σvbc and σvbc is the (scale-independent)
rms of the stream velocity at small scales. The parameter
rLSS (a negative quantity) describes the relative differ-
ence between δb and δtot on large scales (Naoz & Barkana
2007), i.e.,

rLSS ≡
∆

δtot
, (8)

where ∆ = δb − δtot (see also Barkana & Loeb 2005).
The filtering mass is defined from kF simply as:

MF =
4π

3
ρ̄0

(

1

2

2π

kF

)3

, (9)

where ρ̄0 is the mean matter density today.
To find kF in a general case, we write it in the form

k2F (t) =
δtot
u(t)

, (10)

where u(t) is to be determined. Then, using equation
(7), we expand the baryonic fluctuation as a function of

wavenumber k,

δb = δtot +∆LSS −
u(t)k2

1 + ν
+O(k4), (11)

where ∆LSS ≡ rLSSδtot [eq. (8)] obeys the following equa-
tion to the first order of k,

∆̈LSS + 2H∆̇LSS = −
2i

a
fdmvbc · kδ̇dm. (12)

Note that in the case of vbc = 0, the linear term of k
has a zero coefficient, and thus the right hand side of
this equation is simply zero (see Barkana & Loeb 2005;
Naoz & Barkana 2007). Substituting the expansion from
equation (11) into equation (6), and using equations (4)
and (12), we obtain an equation for u:

ü+ 2Hu̇= fdm (1 + ν)

{

1

a2
kB T̄

µ
(δb + δT ) (13)

+

(

vbc · k

a

)2

δdm

}

.

In the limit of vbc = 0 (i.e., ν = 0) this equation reduces
to equation (12) of Naoz & Barkana (2007), and thus
results in the same filtering mass found in that study.
We can solve Equation (13) to find u(t),

u(t) = (14)

fdm (1 + ν)

{
∫ t

trec

dt′′

a2(t′′)

∫ t′′

trec

dt′
kBT̄ (t

′)

µ
(δb(t

′) + δT (t
′))

+

∫ t

trec

dt′′

a4(t′′)

∫ t′′

trec

dt′
(

vbc,rec(t
′) · k̂

)2

δdm(t
′)

}

.

where vbc,rec is the stream velocity at the moment of
recombination trec, so that vbc(t) = vbc,reca(trec)/a(t),

and k̂ = k/k is the unit wavenumber vector. In the
bottom panel of Figure 5 we show the evolution of the
filtering mass as a function of redshift for vbc = 0, 1 and
2σvbc. The values of the filtering mass for vbc 6= 0 as de-
fined by Equation (7) are larger up to an order of mag-
nitude at high redshifts as compared to the definition
of Tseliakhovich et al. (2010). We emphasize that this
difference is entirely due to the different definition of the
filtering scale, not due to any error in Tseliakhovich et al.
(2010) calculations.
The filtering scale kF can also be obtained simply by

fitting equation (7) to the calculated values of δdm and δb,
using equations (4)–(6). Naoz & Barkana (2007) found
a functional form that can be used to produce a good fit
for the drop of the wavenumber. Generalizing it to the
case of stream velocity we write:

δb
δtot

≈ (1 + rLSS)

(

1 +
1

n

k2/k2F
1 + rLSS

1

1 + ν

)−n

, (15)

and n must be adjusted at each redshift. In the top left
panel of Figure 5 we compare this fitting formula to the
fully self-consistent linear calculation (long dashed line)
for which reproduce the drop of δb/δtot as a function of
k fairly well. For the example considered in the figure,
i.e., z = 15 and vbc = 1σvbc, we find n = 0.46 and
kF = 253.9 Mpc−1. We also show the resulted fit using
the second order in k approximation, i.e. Eq. (7).
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Fig. 5.— Fully self-consistent linear calculation of the growth of the dark matter and baryonic fluctuations (i.e., following
Tseliakhovich & Hirata 2010). We show in the bottom panel the filtering mass as a function of redshift in the regions with vbc = 0, 1 and
2 σvbc (see labels). In the top panels we show δb/δtot as a function of the wave number k. In the right top panel we plot δb/δtot in the
regions with vbc = 0 (dotted red lines),1σvbc (solid magenta lines) and 2σvbc (dashed blue lines) at z = 10 (top lines) and z = 25 (bottom
lines), see labels. In the top left panel we show an example for the vbc = 1σvbc case at z = 15 and plot the two fitting functions (see text
for details), one which reproduces the drop of δb/δtot with wavenumber, Eq. (15) (red dashed line) and the fitting function to the second
order, i.e., Eq. (7), (brown short dashed line).

3.3. Comparison Between the Linear Theory
Predictions and the Nonlinear Results

In order to compare the filtering mass to the char-
acteristic mass we calculated the filtering mass in a
self consistent way, as was done in Naoz et al. (2009,
2011). In other words we use the transfer function from
Naoz & Barkana (2005) with a boosted velocity for the
baryons at z = 99 (z = 199) for the N = 768 (N = 512
and N = 256) set as initial conditions. We then evolve
the dark matter and baryon in time according to equa-
tions (4)–(6). We note that in all our calculations we
included the fact that the boost of the velocity was in-
cluded in the simulation only in one axis, thus terms
which are proportional to vbc ·k are reduced by a factor
3 compare to the global average.
Our simulation sets N = 256 and N = 512 are

initialized at redshift 199 at which Compton heating
by the CMB photons significantly affects the evolution
of the linear modes and specifically the filtering mass
(Naoz & Barkana 2005, 2007). However, GADGET-2
does not include CMB Compton heating. Hence, to
compare apples and apples, we neglected the Compton
heating contribution to the filtering mass when compar-
ing these two simulation sets to the linear approxima-

tion. This is the reason that our values of the filtering
mass in Figures 3 and 4 are lower than the values for the
no stream velocity case in Figure 3 of Naoz & Barkana
(2007).
We show the linear theory filtering mass as a function

of redshift for all the cases we consider in Figures 2–4.
The filtering mass is consistent with the characteristic
mass within our fit errors for all simulation sets. There-
fore, we conclude in agreement with Naoz et al. (2009,
2011), that the evolution of the characteristic mass can
be understood using the linear approximation predictions
for the filtering mass.
Note that we compare between the filtering mass and

Mc results from simulation runs using different σ8. This
is possible since the filtering mass definition is indepen-
dent on σ8 because it describes the ratio between the
two density fluctuations (thus the normalization of the
powers simply cancels out).

3.4. Comparison with the Previous Definition of the
Filtering Mass and Other Mass Scales

Recently Tseliakhovich et al. (2010) showed that in-
cluding the effects of the relative velocity between the
dark matter and the baryons at recombinations results
in a higher filtering mass as compared to the case of
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Fig. 6.— Best fit values for the characteristic mass and limiting
baryon fraction fb,0 as functions of redshift (same as in Fig. 3), but
now compared with previous theoretical models for the character-
istic mass. Solid lines show Naoz & Barkana (2007) definition of
the filtering mass (Eq. 16) that neglects the stream velocity contri-
bution. We also plot Meff (dashed lines) and Mesc (dotted lines)
as alternative models, see text for details.

vbc = 0 (by about order of magnitude for the global av-
erage). Naoz & Barkana (2007) defined the filtering scale
in the case of vbc = 0 as:

δb
δtot

= 1−
k2

k2F
+ rLSS . (16)

In Figure 6 we show thus defined filtering mass for
the N = 512 simulation set. As can be seen, the
Naoz & Barkana (2007) definition underestimates the
characteristic mass in the high vbc limit, since it neglects
the difference between the dark matter and baryons den-
sity fluctuations.
Recently Stacy et al. (2011) and Naiman et al. (2011)

suggested that, given a high initial stream velocity, the
baryon evolution is dominated by the relative motion
of dark matter and gas, and thus the gas sound speed
should be replaced with the effective sound speed veff ,

veff =
√

c2s(z) + v2bc(z) , (17)

where vbc(z) = vbc,0/(1+z), in the Jeans mass definition.
This effective Jeans scale kJ,eff can be written as

kJ,eff =
a

veff

√

4πGρ̄m , (18)

where G is the gravitational constant and ρ̄m is the av-
erage density. The effective Jean mass Meff associated
with this scale length is simply

Meff =
4π

3
ρ̄0

(

1

2

2π

kJ,eff

)3

. (19)

We show this mass scale in figures 6 with dashed lines.
As one can see, this mass scale overestimates the char-
acteristic mass at all redshifts and for all values of the

stream velocity that we considered. This is not unex-
pected, since the Jeans mass always overestimates the
scale at which pressure starts to overtake gravity in the
expanding background (Gnedin & Hui 1998).
The evolution of the characteristic mass as a function

of redshift can also be modeled by considering the escape
velocity of the gas. Given a mass of a halo M , the escape
velocity is simply vesc =

√

2GM/r, where r is the (co-
moving) virial radius of the halo. For example, for a halo
of 105 M⊙ the escape velocity is about 0.77 km sec−1,
while the stream velocity for vbc = 3.4σvbc at z = 15 is
1.6 km sec−1 and at z = 25 is 2.6 km sec−1. Thus, it
is not surprising that halos below 105 M⊙ are empty in
that redshift range - the stream velocity is simply much
larger then the halo escape velocity, so the dark matter
halo is unable to accrete any gas. We can, thus, esti-
mate a halo mass Mesc below which the stream velocity
is larger then the escape velocity,

Mesc =
vbc(z)

3

√

(2GH0)2Ωm∆c

, (20)

where ∆c = 200 is the virial overdensity and vbc(z) is
the stream velocity at redshift z. We show this limit
in Figure 6 with dotted lines. Equation (20) predicts a
much stronger evolution of the characteristic mass than
is actually observed in our simulations and provides a
poor fit to simulations results.

4. CONCLUSIONS

We have used three-dimensional hydrodynamical sim-
ulations to investigate the effects of stream velocity on
the gas fraction in high redshift halos. In a compan-
ion paper Naoz et al. (2012), we studied the effect of the
stream velocity on the total halo mass function, In this
work we focus on the effect of the stream velocity on the
gas fraction in halos and on the evolution of the charac-
teristic mass, and compare the simulation results to the
linear approximation.
In a first improvement over the earlier results, we intro-

duce a new fitting formula (Eq. 2) which offers a much
better fit to the gas fraction as a function of halo mass
at a given redshift in the limit of large stream velocities,
while returning essentially the same values of the charac-
teristic mass Mc as the previously used functional form
(see Figures 1, 7 and 8, and see Appendix A).
Previous studies (Naoz et al. 2009, 2011) showed that

a quantity defined in the linear approximation, the filter-
ing scale (Gnedin & Hui 1998), provides a good match to
the nonlinear characteristic mass measured in numerical
simulations. We introduce a new definition for the lin-
ear filtering mass that accounts for two effects neglected
in Gnedin & Hui (1998): the deviation of the amplitude
of baryonic fluctuations from the dark matter fluctua-
tions on large scales (considered first by Naoz & Barkana
2007) and the stream velocity between the dark matter
and baryons on small scales, which we include in the defi-
nition of the filtering mass for the first time in this paper.
The latter effect may result in the filtering mass being
up to an order of magnitude larger at high redshifts for
high values of the stream velocity, as compared to the
case when the stream velocity is neglected.
Finally, in comparing our simulations results to the lin-

ear calculation (using our new definition of the filtering



Stream velocity effects on gas fraction 9

mass), we find that the filtering mass (i.e. a linear quan-
tity) offers an accurate match to the actual nonlinear
characteristic mass measured from the simulations, at all
redshifts and for all values of the stream velocity that we
simulated. On the contrary, previous theoretical models
that used as the characteristic mass scale either the halo
mass with the escape velocity equal to the stream veloc-
ity or the Jeans mass for the “effective” gas sound speed
provide only poor fits to the simulation results.
It has been suggested in the literature that gas rich

low mass halos may play an important role in cos-
mic reionization, and that they can produce distinct
21-cm signatures (Kuhlen et al. (2006); Shapiro et al.
(2006); Naoz & Barkana (2008) but see Furlanetto & Oh
(2006)). For example, minihalos (halos of mass ∼
106M⊙) can potentially block ionizing radiation and in-
duce an overall delay in the initial progress of reion-
ization (e.g., Shapiro & Giroux 1987; Barkana & Loeb
2002; Iliev et al. 2003b; Shapiro et al. 2004; Iliev et al.
2005; McQuinn et al. 2007). However, our results here
suggest that at high redshifts the stream velocity effect
results in large variations in the characteristic mass - i.e.
the minimum mass of a gas rich halo. Thus, if reion-
ization started sufficiently early (Yoshida et al. 2007), in
patches of the universe where the stream velocity is large

there were fewer gas rich halos that can absorb ionizing
photons. Hence, in these patches the delay of the reion-
ization caused by minihalos would be less than in regions
that happen to have a small value of the stream velocity
and, hence, a large abundance of minihalos. Therefore,
not only the formation of the first generations of galax-
ies may be affected by the stream velocity effect, but also
the whole process of reionization may proceed differently
in regions with very different stream velocities. This ef-
fect has been considered recently by Visbal et al. (2012)
and McQuinn & O’Leary (2012), but our results indicate
that it can even be stronger than previously estimated.
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Fig. 7.— A representative example of the gas fraction as a function of mass for the N = 512 set for three different redshifts (top to
bottom) z = 15, 19 and z = 20. We compare between the new fit model, solid lines, using eq. (2), and the old one, dotted line, using eq. (1.
We show all of the halo of which Nh ≥ 100 (grey points) as well as the binned data points for Nh ≥ 500. We consider the various values
of the stream velocity (from left to right). vbc = 0, vbc = 1σvbc, vbc = 1.7σvbc, and vbc = 3.4σvbc. Note for the case of vbc = 3.4σvbc, at
z = 25, about 2/3 of the halos have less than 1% of gas in them, and fb,0 is very low. Thus no reliable fit could be found, and therefore
we did not show the resulted red line in that case.

Yoshida, N., Sugiyama, N., & Hernquist, L. 2003b, MNRAS, 344,
481

APPENDIX

FIT CALCULATION

As can see in Figure 1 (dotted lines), the fitted formula found by Gnedin (2000), i.e., eq. (1), dose not capture the
behavior of the gas fraction as a function of mass for the cases of non-negligible stream velocity. In our search for
better fitting formula we found that the low mass tail has a significant effect on the fit for large vbc values. It is
not surprising since the stream velocity deprives the low mass halos of gas at high redshift, as we showed in Paper I.
Therefore, this induce a large dependency on the behavior of the gas fraction in the low mass tail. However, the gas
fraction of the low mass halos with less than 500 particles is poorly constrained (as was shown in Naoz et al. 2009).
Therefore, we introduce a weight function, that account for the errors in estimating the gas fraction as a function of
the number of particle in a halo, Nh. We use Naoz et al. (2009) resolution study, their figure 4, and assume a scatter
of 20% for halos that have more than 500 particles. For smaller number of particles per halo we adopted a simply
linear function of the error of the gas fraction as can be estimated from Naoz et al. (2009), figure 4. Thus the weight
function has the following form:

W(Nh) =

{

0.2 if Nh ≥ 500 ,
7.5× 10−4Nh + 0.575 if Nh < 500 .

(A1)

Using this weight function we find the fit, using the forma formula [eq. (1)] and the new formula eq. (2). In figure 7
we show an example for the gas fraction as a function of mass, and the two fits as in Figure 1 (solid lines for the new
formula and dotted lines for the former one). Here we also show all of the points we considered in evaluating the fit
(i.e., Nh ≥ 100). We note that the χ2 for the new formula fit is for most cases higher (closer to one) than the χ2 of
the old formula, both lower than unity.



Stream velocity effects on gas fraction 11

Fig. 8.— Comparison between the new fit model and the old one. We consider in black the old model, using eq. (1), and the color points
are the fit for the new model, using eq. (2), calculated with minimum of 100 particles per halo (see text). We consider (from left to right)
the N = 256, 512 and N = 768 sets. We consider the various values of the stream velocity vbc = 0, vbc = 1σvbc, vbc = 1.7σvbc, and
vbc = 3.4σvbc (blue squares, purple diamonds, brown stars and red triangles respectively).

The ultimate goal of the fitting process is to find the characteristic mass Mc. An important test is to compare the
resulted Mc from the two fitting formulae. The different values achieved for the two models are shown in Figure 8.
As depicted in this Figure, the Mc for the different values of vbc converge over the different ranges of redshift for the
N = 512 and N = 768 sets. However, or the N = 256 set the new formula produces a systematically low value for
Mc even for the vbc = 0 case. As mentioned in Paper I, this run suffers from low statistic, particularly in the large
mass tail,. Furthermore, there was no convergence of the gas fraction, these are the main cause for this systematics.
Therefore, based on the N = 512 and N = 768 sets, we conclude that although the new formula produces somewhat
better fit, the final Mc results did not changed by much. This is not surprising since the meaning of the two models
is the same.
As shown in Figure 7, the new formula results in a plateau at the high mass tail, which indicates a possible degeneracy

between the fitting parameters. This of course present a problem in evaluating the values and errors of Mc. However,
as shown in Figure 8 the values of Mc from the two fitting models are consistent. Therefore, in evaluating the errors
of the fitting values of Mc we choose to be conservative and select the larger values between the 1− σ errors from the
two models. In addition we have used bootstrap method for the new model, in some cases of the N = 512 set to test
our evaluation of the errors9, and found that they are consistent with choosing the maximum 1 − σ from the two fit
models. We show the complete best fit parameters for the 512 set in table 2, they are similar for the other sets. Note
that for high redshift and large vbc values the best fit parameters are poorly constrain. Specifically the parameters β
and γ from equation (2) are sometimes so poorly constrains (i.e., more then an order of magnitude) that we omit the
errors from the table, thus the symbol “−−” in table 2 means error larger then an order of magnitude, for those cases
χ2 was close to zero.
Note that in our calculation of the fit we used fb,0 which is the gas fraction in the high mass tail. This value is lower

than the mean cosmic baryonic fraction f̄b, since the baryons are lagging behind the dark matter even at high redshifts
(see Naoz & Barkana 2007; Barkana & Loeb 2011). As shown in Naoz et al. (2011, fig. 4), this causes a higher fb,0
for the initial conditions that assumes δb = δdm than the fb,0 resulted from the smother baryonic initial conditions,

9 We could not use the bootstrap method to all of the runs since in few runs we have somewhat low statistic sample.
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Fig. 9.— Comparison between the new fit model and the old one while using fb,0 and f̄b. We consider the N = 512 run for z = 15

representative example. We compare between using f̄b value, solid (dotted) grey lines for the new (old) model. We also show the fit while
using the fb,0 value, solid (dotted) color lines for the new (old) model. We consider the various values of the stream velocity vbc = 0,
vbc = 1σvbc, vbc = 1.7σvbc, and vbc = 3.4σvbc (blue squares, purple diamonds, brown stars and red triangles respectively).

as explored in their other two initial conditions models10. In addition to the physical reason, a numerical reason may
arise, since some baryons are in fact bound to the halo and we miss them due to our halo finder algorithm (§2.3). As
can be seen in Figure 9 assuming fb,0 → f̄b, grey lines, by either of the models results in a worse fit than using the
calculated fb,0.

10 In both cases fb,0 is defined in the same way as described here.
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TABLE 2
The best-fit parameters from equation (2) for the N = 512 set.

Redshift Mc [M⊙] β γ

vbc = 0

31 2.8+2.2
−1.1 × 104 1.45± 0.71 3.4± 0.8

29 2.3+1.1
−1. × 104 1.09± 0.1 2.33± 0.5

27 2+1.3
−0.3 × 104 1.37± 0.1 3.37± 0.5

25 2+0.6
−0.5 × 104 1.14± 0.06 2.68± 0.33

24 1.9+0.7
−0.4 × 104 1.15± 0.06 2.76± 0.31

23 1.8+0.6
−0.4 × 104 1.04± 0.04 2.16± 0.25

22 1.8+0.7
−0.1 × 104 1.17± 0.05 2.87± 0.26

21 1.7+0.6
−0.1 × 104 1.15± 0.04 2.71± 0.23

20 1.7+0.4
−0.2 × 104 1.05± 0.03 2.35± 0.2

19 1.7+0.2
−0.2 × 104 0.96± 0.03 1.91± 0.18

18 1.7+0.2
−0.3 × 104 0.91± 0.02 1.66± 0.15

17 1.7+0.4
−0.7 × 104 0.87± 0.02 1.43± 0.15

16 1.7+0.2
−0.2 × 104 0.88± 0.02 1.36± 0.14

15 1.7+0.2
−0.2 × 104 0.91± 0.02 1.47± 0.14

vbc = 1σvbc

29 1.2+0.6
−0.2 × 105 7.35± 11.88 15.78± 25.79

27 1.3+0.5
−0.3 × 105 6.13± 5.86 14.14± 13.78

25 1.3+0.4
−0.3 × 105 1.75± 0.33 3.89± 0.91

24 1.3+0.4
−0.4 × 105 1.64± 0.25 3.55± 0.69

23 1.2+0.6
−0.2 × 105 1.440.19 3.2± 0.57

22 1.2+0.3
−0.3 × 105 1.38± 0.15 3.1± 0.47

21 1.1+0.6
−0.3 × 105 1.21± 0.11 2.7± 0.38

20 1.1+0.2
−0.3 × 105 1.12± 0.09 2.52± 0.32

19 9.9+2.2
−2.6 × 104 1.01± 0.07 2.19± 0.28

18 9.5+2.8
−2

× 104 0.97± 0.06 2.17± 0.26

17 8.1+1.1
−1.8 × 104 1.05± 0.06 2.4± 0.26

16 7.2+1.1
−1.4 × 104 1.010.05 2.22± 0.23

15 6.8+1.1
−1.8 × 104 0.970.05 2.15± 0.22

vbc = 1.7σvbc

25 4+1.3
−1.1 × 105 4.45± 6.74 8.7± 13.68

24 4.3+1.3
−1.2 × 105 3.94± 5.16 8.19± 11.15

23 4+1.3
−0.9 × 105 3.58± 3.14 7.36± 6.8

22 4.7+1.3
−1

× 105 4.96± 5.98 11.03± 13.63

21 4.6+1.3
−0.7 × 105 2.912 6.89± 5.05

20 4.6+1.2
−0.9 × 105 3.45± 2.35 8.5± 6.06

19 4.5+1.2
−0.7 × 105 2.64± 1.23 6.7± 3.36

18 4.3+1.2
−1

× 105 2.06± 0.69 5.26± 1.97

17 3.6+1.2
−0.7 × 105 2.07± 0.7 5.69± 2.16

16 3.2+1.1
−0.8 × 105 1.75± 0.41 4.7± 1.31

15 2.9+0.3
−0.6 × 105 1.77± 0.38 4.9± 1.25

vbc = 3.4σvbc

20 2.7+2.3
−1.7 × 106 102 −− 222−−

19 3+1.2
−1.7 × 106 88−− 187−−

18 3+1
−1.1 × 106 4.82± 13.1 10.3−−

17 3.4+0.7
−1.6 × 106 3.56± 7.9 8.16± 18.4

16 3.2+0.7
−1.4 × 106 2.1± 1.23 4.8± 2.9

15 2.6+0.9
−0.5 × 106 2.33± 1.35 5.3± 3.2


